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Introduction

New anomaly mediated interactions recently 
introduced by Jeff Harvey, Cris Hill and Richard Hill 
were presented by Richard. 

While we have no objections to the general theory we 
think that its applications to neutrino processes 
involving anomalous ! interactions is ßowed.
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Perturbative calculation

5.1 Anomalous quark triangles: e! ects of strong interactions 103
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(5.4)
The parametrization in terms of the functions wL,T is convenient since, once
those functions are computed, the correction to the anomalous magnetic mo-
ment is obtained from the integral
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Herep denotes the four-momentum of the on-shell muon,p2 = m2. To estimate
aew,∆

µ with the logarithmic accuracy, a much simpler expression issu! cient
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Here we use Euclidean momentumK , i.e. K 2 = ! k2. Note that in case of a
heavy, mf % m, fermion contribution to wL,T, Eq.(5.6) can be used to derive
aew,∆

µ with a power accuracy,O(m2/m 2
f ).

As we see, the structure functionswL,T are important for computing elec-
troweak corrections to the muon anomalous magnetic moment.As it turns
out, computation of those functions requires careful consideration of both
perturbative and non-perturbative e" ects of strong interactions. The follow-
ing discussion is dedicated to such an analysis.

5.1.1 Perturbative calculations

At lowest order in the strong coupling constant, the functions wL,T are ob-
tained by calculating the one-loop triangle diagram, Fig.5.1. This diagram
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Fig. 5.1. Quark triangle diagram that determines the functions wL,T in the one-loop
approximation. Diagram with opposite direction of the ferm ion lines, is not shown.

was Þrst computed for a general kinematics in Ref. [124]; theresult was later
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96 4 Electroweak corrections to aµ

Tµ ! = 〈0| öTµ ! |! (q)〉 , öTµ ! = i
!

d4x eikx T {J µ (x )A ! (0) } . (4.30)

Physically, the limit of small photon momentum q means that we probe the
muon magnetic moment with the homogeneous magnetic Þeld.

The particular kinematic limit described above allows us touse Schwinger
operator methods to compute the correlator in Eq.(4.30). The leading con-
tribution to that correlator comes from the fermion loop, wi th fermion prop-
agators computed in the external constant electromagneticÞeld. Since we
are interested in the matrix element of öTµ ! between a single soft pho-
ton and the vacuum, we only require the correlator through Þrst order in
the external Þeld. In the Þxed-point gaugex µ A µ = 0 , the vector poten-
tial A µ can be expressed through the electromagnetic Þeld-strength tensor
Fµ ! = " µ A ! − " ! A µ ; the relation reads A µ (x ) = −1/ 2Fµ ! x ! + O(x 2) .
We use1/ ( i ö" −m −eQf A µ (x ) ! µ ) for the fermion propagator, expand in the
external electromagnetic Þeld through Þrst order and arrive at the following
expression for the fermion propagator [56,125]
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(4.31)
where ÷F"# = (1 / 2)$"#$% F $% is the dual electromagnetic Þeld-strength ten-
sor. We are now in position to compute the contribution of a fermion f to
öTµ ! ,
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Tr [ ! µ S(p + k) ! ! ! 5S(p)] . (4.32)

At zeroth order in F$% , the integral over p vanishes while at Þrst order in
F$% we obtain
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(4.33)
The operator nature of öTµ ! is reßected in the presence of the electromagnetic
Þeld-strength tensorF$% in Eq.(4.33). Introducing Feynman parameters, com-
puting the trace and integrating over p, we arrive at
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(4.34)
While Eq.(4.34) looks legitimate, in reality it is not because it does not

satisfy the vector current conservation condition k µ öTµ ! = 0 . We restore the
conservation of the vector current by adding a polynomial counterterm to
Eq.(4.34); this counterterm can be constructed from the contribution to öTµ !

of an inÞnitely heavy Pauli-Villars regulator Þeld
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where F̃ρδ = (1/ 2)$ρδαβF αβ is the dual electromagnetic Þeld-strength ten-
sor. We are now in position to compute the contribution of a fermion f to
T̂µν ,
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∫

d4p

(2%)4
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At zeroth order in Fαβ , the integral over p vanishes while at Þrst order in
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The operator nature of T̂µν is reßected in the presence of the electromagnetic
Þeld-strength tensorFαβ in Eq.(4.33). Introducing Feynman parameters, com-
puting the trace and integrating over p, we arrive at
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While Eq.(4.34) looks legitimate, in reality it is not because it does not

satisfy the vector current conservation condition kµT̂µν = 0. We restore the
conservation of the vector current by adding a polynomial counterterm to
Eq.(4.34); this counterterm can be constructed from the contribution to T̂µν

of an inÞnitely heavy Pauli-Villars regulator Þeld

Triangle amplitude 

Fermion propagator in the electromagnetic Þeld
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4.2 Two-loop electroweak e! ects: the logarithmic approximation 97
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where we used Eq.(4.34) to ÞndTµ ! (m f ) in the limit m f " # . In this way
we obtain
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In Eq.(4.36), we use # =
&

1 ! 4m 2
f /k 2 . In what follows, we omit the

superscript in the tensor Tµ ! that we used in Eq.(4.36) to denote properly
regulated physical expression.

Contracting öTµ ! in Eq.(4.36) with kµ , we observe thatk µ öTµ ! = 0 which
implies that the conservation of the vector current is maintained. On the other
hand, the divergence of the axial current does not vanish even in the chiral
m f = 0 limit, as can be seen from the following expression
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This is in accord with the operator equation for the divergence of the axial
current

$ µ A µ = !
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where the Þrst term represents the axial anomaly.
We can use Eqs.(4.38,4.37) to compute the fermion triangle diagram where

the axial current is substituted by the pseudoscalar current P = øf &5 f . The
Þrst term at the right-hand side of Eq.(4.37) matches the Þrst term at the
right-hand side of Eq.(4.38); matching the remaining termsin these equations
leads to
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We will need this result in what follows. In addition, we will require the result
for the fermion triangle where the axial vector current is substituted by the
scalar current S = øf f . We compute it along the lines described above and
obtain
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the axial current is substituted by the pseudoscalar current P = øf &5 f . The
Þrst term at the right-hand side of Eq.(4.37) matches the Þrst term at the
right-hand side of Eq.(4.38); matching the remaining termsin these equations
leads to

öT P
µ = i

#
d4x eikx T { J µ (x )P (0) } = m f

eQ2
f N f

2! 2

k " ÷F" µ

# k 2
ln

# + 1

# ! 1
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(4.39)
We will need this result in what follows. In addition, we will require the result
for the fermion triangle where the axial vector current is substituted by the
scalar current S = øf f . We compute it along the lines described above and
obtain

öT S
µ = i

#
d4x eikx T { J µ (x )S(0) } = ! im f

eQ2
f N f

2! 2
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k 2
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! 1
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Generically 

Tµ ! =
! i |e|
4π2

!
wT(k2)

"
! k2 ÷f µ ! + kµ k " ÷f "! ! k ! k " ÷f " µ

#
+ wL(k2)k ! k " ÷f " µ

$

(5.4)
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simpliÞed [115] in the limit of the vanishing photon momentum q. In Chap-
ter 4 we derived the expression foröT f

µ ν , Eq.(4.36); comparing it to Eq.(5.4),
we Þnd

w f
L = 2 w f

T = 2 N f Q2
f

! 1

0
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! (1 − ! )

! (1 − ! )K 2 + m 2
f

=
2N f Q2

f

K 2

"
1 −

2m 2
f

" K 2
ln

" + 1

" − 1

#
,

(5.7)

where N f = 3(1) for quarks (leptons) and " =
$

1 + 4 m 2/K 2 . From
Eq.(5.7), it is easy to derive asymptotic expressions forwL ,T in the limit of
small and largeK 2,

w f
L = 2 w f

T = 2 N f Q2
f ×

%
&&&&'

&&&&(

1

K 2

)

1 −
2m 2

f

K 2
ln

K 2

m 2
f

*

, K 2 # m 2
f ;

1

6m 2
f

)

1 −
K 2

5m 2
f

*

, K 2 $ m 2
f .

(5.8)

Recall, that the anomaly in the divergence of the axial current is seen from
the fact that w f

L %= 0 for m f = 0 .
At large K 2 , the structure functions decrease as1/K 2; then, for the

transversal structure function w f
T the integral in Eq.(5.6) converges thanks to

the presence ofm 2
Z / (K 2 + m 2

Z ) factor, while for the longitudinal structure
function w f

L the result appears to be divergent. This divergence, however,
disappears, once the sum overquarks and leptons in a given generation is
performed. Indeed, retainingO (K −2) terms, we obtain the large-K 2 asymp-
totics of the longitudinal structure function

wL =
+

generation

2I f
3 w f

L −→
4

K 2

+

generation

I f
3 Q2

f N f = 0 . (5.9)

The last equality in Eq.(5.9) follows from the relation

+

generation

I f
3 N f Q2

f = 0 , (5.10)

which is nothing but the anomaly cancelation condition in the Standard
Model, required for the internal consistency of the theory.

If masses of all fermions in a generation are the same, the contribution of
such generation towL vanishes. When fermions in a given generation have
substantially di ! erent masses, the corrections to the anomalous magnetic mo-
ment contain logarithms of the mass ratios, e.g.ln( m t /m τ ) for the third and
ln( m c/m µ ) for the second generation, etc.

Perturbatively 
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No higher order corrections in strong interactions, 
generalizes the Adler-Bardeen theorem to 

!
wT
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which does not a! ect Tµ ! , we observe that the amplitude Tµ ! is symmetric
under the permutation of µ and ! .

This symmetry seems to be in contradiction with the perturbative result,
Eqs.(5.4,5.7), evaluated atm f = 0 . The calculation of öTµ ! , described in the
previous Chapter, demonstrates, however, that this symmetry is broken by the
regularization, cf. Eqs.(4.34, 4.36) form f = 0 . To avoid the necessity to deal
with the regularization, we apply the symmetry argument to t he imaginary
part of Tµ ! . Then, the following equality holds

Im Tµ ! = Im T! µ . (5.11)

When Eq.(5.11) is combined with the parametrization for Tµ ! Eq.(5.4), we
obtain the system of equations for the functionswL,T:

k2Im[ wT(k2)] = 0 , 2 Im[ wT(k2)] = Im[ wL(k2)] . (5.12)

Once the imaginary parts of the functionswL,T are calculated, we restore the
real parts of these functions using dispersion representation

wL,T(k2) =
1

"

!!

0

ds
Im[ wL,T(s)]

s ! k2 ! i 0
. (5.13)

Note, that no subtraction term in Eq.(5.13) is allowed on dimensional grounds.
A possible solution to Eq.(5.12) is Im [ wL,T] = 0 , but this implies that

wL,T = 0 , due to Eq.(5.13). The only nontrivial solution is then

2 Im[ wT(k2)] = Im[ wL(k2)] = c#(k2) , (5.14)

and the constant c can be Þxed from the one-loop computation since, as
follows from the Adler-Bardeen theorem, the longitudinal structure function
is not renormalized by higher order perturbative QCD e! ects. We derive

c = 2 " N f Q2
f . (5.15)

Hence, in the chiral m f = 0 limit,

w f
L = 2 w f

T =
2N f Q2

f

K 2
, (5.16)

to all orders in the strong coupling constant[128,130].

5.1.2 Non-perturbative e ! ects and the OPE

While perturbatively, to all orders in the strong coupling constant, the longi-
tudinal and transversal functions wL,T for massless quarks di! er only by an
overall factor, this can not hold at the non-perturbative level. Indeed, in per-
turbation theory, these functions have poles atk2 = 0 . Provided that these
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Non-perturbative effects and OPE

5.1 Anomalous quark triangles: e! ects of strong interactions 107

poles survive the transition from perturbation theory to th e real world with
hadrons as degrees of freedom, they should describe propagation of massless
hadrons. Pions and! mesons are the only non-strange massless particles in the
chiral limit m u = m d = m s = 0 . The isospin numbers of the combination
of the longitudinal structure functions

w I=1
L = w u

L ! w d
L =

2

K 2
, (5.17)

coincide with the isospin quantum numbers of a neutral pion.Therefore, we
may interpret the pole at K 2 = 0 in Eq.(5.17) as corresponding to a mass-
less pion that is emitted from the axial current and then decays into two
photons. This duality between perturbative result, Eq.(5.17), and the possi-
bility to interpret it using hadronic degrees of freedom, is the basis of the Õt
Hooft consistency condition [129] which states thatnon-perturbative correc-
tions to w I=1

L , Eq.(5.17), are absent. There is yet another combination ofthe
longitudinal structure functions, with the SU(3) quantum numbers of the !
meson,w u

L + w d
L ! 2w s

L, that does not receive non-perturbative corrections
in the chiral limit. Because, in the chiral limit, there are n o other neutral
strangeless massless mesons besides" 0 and ! , all other combinations of w q

L
as well as all transversal structure functionsw q

T should not have singularities
at K 2 = 0 ; hence, theymust receive non-perturbative corrections. Below we
discuss these non-perturbative e! ects using the method of operator product
expansion (OPE), described in Section 3.2.2.

Consider the correlatorTµν , Eq.(5.1), in the limit of large Euclidean mo-
mentum K 2 " # . In that limit, the T -product of the vector and axial
currents obeys an expansion in powers of1/K 2

öTµν =
∑

i

c(i)α1 ...αi
µν O (i)

α1 ...αi
. (5.18)

OperatorsO (i)
α1 ..αi

are ordered by their mass dimension. If the mass dimension
of the operator is di, its Wilson coe" cient scales like

c(i)α1 ...αi
µν $

1

K di ! 2
. (5.19)

The amplitude Tµν is then derived from the matrix elements of the operators
Oα1 ..αi between the vacuum and the soft photon with the momentumq

Tµν =
∑

c(i)α1 ...αi
µν %0|O (i)

α1 ...αi
|#(q)&. (5.20)

As we mentioned earlier, theT -product of the axial and the vector currents
öTµν is a pseudotensor. If we require the coe" cients c(i)α1 ...αi

µν to be tensors
under Lorentz transformations, the operatorsOα1 ...αi have to be pseudoten-
sors. Their matrix elements %0|O α1 ...αi |#(q)& are linear in ÷f αβ; as a con-
sequence, the operatorsOα1 ...αi should transform as (1 , 0) ! (0 , 1) under
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Lorentz transformations. Since we work to first order in the momentum of the
soft photon, only operators O (i)

αβ with two antisymmetric indices contribute.
It is convenient to parametrize their matrix elements as follows

〈0|O (i)
αβ|! (q)〉 = −

i |e|

4" 2
# i

˜f αβ . (5.21)

The coefficients # i are determined by non-perturbative dynamics; in gen-
eral, they are not computable. Parametrically, these constants scale as # i ∼
$ di ! 2

QCD, where di is the mass dimension of the operator O i.
We can simplify the notation for the Wilson coefficients using the transver-

sality of Tµν with respect to the Lorentz index µ of the vector current. We
write

T̂µν =
!

i

"
c(i)
T (k2)

#
−k2gα

µ gβ
ν + kµkαgβ

ν − kνkαgβ
µ

$
+ c(i)

L (k2)kνkαgβ
µ

%
O (i)

αβ .

(5.22)
Finally, in terms of the Wilson coefficients cL,T, the functions wL,T are writ-
ten as

wL,T(k2) =
!

i

c(i)
L,T(k2)# i , (5.23)

where the sum is over all operators that contribute to the OPE for the am-
plitude Tµν .

To compute the operator product expansion for T̂µν , we follow the strategy
described in Section 3.2.2. To this end, we consider Feynman diagrams that
describe a correlator of the vector and axial current with a possible emission
of a photon and study different routes for the large momentum k to travel
from vector to axial current. Integrating over the loop momenta associated

with these “hard” lines, we obtain the Wilson coefficients; the operators O (i)
αβ

are then read off from the soft lines in a diagram.
The leading contribution to the functions wL,T is obtained from the tri-

angle diagram Fig.5.1 where all lines are considered to be hard. The operator
that is produced by this momentum configuration is the dual of the field-
strength tensor of the electromagnetic field OF = |e|/ (4" 2)F̃αβ of the mass
dimension two; its matrix element between the vacuum and the single photon
state is

〈0|
|e|

4" 2
F̃αβ|! (q)〉 = −

i |e|

4" 2
˜f αβ , (5.24)

so that #F = 1 (cf. Eq.(5.21)).
To study how operators of higher dimension contribute to the matrix el-

ement Tµν , we have to distinguish between hard and soft gluon exchanges.
First, consider the case when all gluon exchanges in the diagrams that describe
the correlator of vector and axial currents are soft and the large momentum k
flows through the quark line that connects the axial and vector vertices. Such
diagrams generate bilinear fermion operators. The Wilson coefficients of these

The leading operator 
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Fig. 5.3. Other non-perturbative contributions to Tµ ! that vanish in the chiral
limit.

current and the axial current; since the large momentum still has to ßow
from one vertex to the other, this requires an exchange of at least onehard
gluon [121]. The leading contribution comes from diagrams with a single hard
gluon exchange; they are shown in Fig.5.4. These diagrams lead to a non-
perturbative contribution given by dimension six four-fermion operators.

V A V A
k

k

Fig. 5.4. Sample diagrams for the leading non-perturbative contribu tion to Tµ ! .

Consider Þrst the non-perturbative contribution generated by a quark q.
The part of öTµ ! due to diagrams shown in Fig.5.4 reads

! T q
µ ! = !

8"# sQq

k 6
øq ta !

$" ök$µ ! $µ ök$"
"
q " øq ta !

$! ök$" ! $" ök$!
"
$5q ,

(5.27)
where t a are the generators of theSU(3) color group. Note that ! T q

µ ! is
transverse with respect to Lorentz indices ofboth vector and axial currents;
this immediately implies that only the transversal function wT receives the
corresponding non-perturbative contribution. This is an illustration of a gen-
eral situation with non-perturbative corrections to the longitudinal structure
function wL mentioned earlier Ð similar to perturbative corrections, the non-
perturbative corrections to wL are absent in the chiral limit,1in accord with
the Õt Hooft consistency condition for the axial anomaly [129].

1 Note, that the ßavor singlet longitudinal function w u
L +w d

L +w s
L doesreceive the

non-perturbative contribution. It comes at the level where the anomalous triangle
with axial current and two gluons enters the OPE coe " cient.

The leading non-perturbative effect comes from four-fermion operator 
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! (6)wT[u, d ] =
∑

q=u,d

2I q
3 ! (6)w q

T =
256" 3# s(K 2)

9K 6

∑

q=u,d

I q
3Q2

q $ ! 0|qøq|0"2.

(5.36)
For numerical estimates, we use! 0|qøq|0" = # (235 MeV) 3. We then Þnd

! (6)wT[u, d ] = # # s(K 2)
(0 .7 GeV) 4

K 6
(5.37)

Equation (5.37) illustrates a striking di ! erence between the longitudinal
and the transversal structure functions in the chiral limit . The longitudinal
structure function is known exactly in the chiral limit,

wL[u, d ] =
2

K 2
; (5.38)

there areno perturbative or non-perturbative corrections to this result. On the
other hand, the transversal function receives non-perturbative corrections; its
large-K 2 asymptotics is given by

wT[u, d ] =
1

K 2

[

1 # # s(K 2)
(0 .7 GeV) 4

K 4

]

. (5.39)

The results discussed so far are derived in the chiral limit,which is not
realized in Nature. It is therefore important to study the consequences of
the fact that the chiral symmetry is explicitly violated by n on-zero quark
masses. To this end, we repeat the OPE analysis of the productof the axial
and vector currents öTµ! , allowing for non-zero quark masses. It is then easy
to see that diagrams with soft gluon exchanges shown in Fig.5.2 give non-
vanishing contribution to the OPE once non-zero quark masses are allowed.
Hence, the leading non-perturbative contribution to T q

µ! for a massive quark is
obtained from the diagram Fig.5.2 in the absence of soft gluon exchanges. The
non-perturbative operator, generated in this way is # i øq%"# &5q; its Wilson
coe" cients are

cq
L = 2 cq

T =
4Qqm q

K 4
. (5.40)

The corresponding contribution to the longitudinal and tra nsversal functions
wL,T is

! (3)wL = 2 ! (3)wT =
8

K 4

∑

q

I 3
f Qqm q ' q, (5.41)

where ' q is related to the magnetic susceptibility $

' q = # 4" 2Qq $ ! 0|øqq|0". (5.42)

Using the Gell-MannÐOakesÐRenner relation [58](m u + m d) ! 0|øqq|0" =
F 2

$ m 2
$ we Þnd

! (3)wL[u, d ]

wL[u, d ]
= #

(0 .18 GeV) 2

K 2
. (5.43)
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valid for arbitrary K 2 . This model smoothly interpolates between perturba-
tive and non-perturbative regimes since it satisÞes the constraints from the
operator product expansion and is consistent with the expectation that at
K ! ! QCD the major consequence of the explicit chiral symmetry breaking
is a shift of the pion mass to a non-zero value.

In a similar way we construct a non-perturbative model for the func-
tion wT [u, d ]. In this case, we know the large-K 2 expansion through terms
O(K ! 6) and, therefore, can Þx three parameters. We write

wT =
"!

i

gi, T

K 2 + m 2
i, T

. (5.47)

Expanding wT (K 2) at large K 2 , and comparing the subsequent terms in the
expansion with the asymptotics Eq.(5.39), we derive

!

i

gi, T = 1 ,
!

i

gi, T m 2
i, T = (180 MeV) 2 ,

!

i

gi, T m 4
i, T = " (710 MeV) 4 .

(5.48)
Note that we have set" s (K ) = 1 in Eq.(5.39).

Instead of solving the three equations in Eq.(5.48), we approximate the
transversal structure function by a linear combination of the propagators that
describe exchanges by the# and $ vector mesons (neglecting their mass dif-
ference) and thea1(1260) axial vector meson. Note that the isospin quantum
numbers of those mesons are identical to the isospin quantumnumbers of the
electromagnetic and axial currents. We make an Anzats

wT [u, d ] =
1

m 2
a 1

" m 2
!

"
m 2

a 1
" m 2

"

K 2 + m 2
!

"
m 2

! " m 2
"

K 2 + m 2
a 1

#

. (5.49)

The transversal function wT Eq.(5.49) satisÞes two Þrst sum rules in Eq.(5.48)
by construction. Since Eq.(5.49) fully determines the model expression for the
transversal structure function wT , the 1/K 6 term in the large-K 2 expansion
of wT becomes the prediction of the model that can be compared withthe
estimate provided by the OPE. Upon expanding Eq.(5.49) in1/K 2, we Þnd
" (0 .96 GeV) 4 as the coe! cient of the 1/K 6 term; this should be compared
with the OPE estimate " (0 .71 GeV) 4 , Eq.(5.39). Although the agreement
is not perfect, we Þnd it reasonable given rather crude estimate of the matrix
element of the operatorO6

#$ , Eq.(5.33).
Next, we turn to the second generation where thes quark is the only quark

which can be considered light. We should be careful with the isospin or, more
generally, SU(3) quantum numbers. For the Þrst generation, the weak axial
current is øu%%%5u " ød%%%5d, so that its quantum numbers coincide with
that of the pion. On the contrary, the axial current for the second generation
" øs%5%%s is a mixture of the SU(3) octet and singlet,

The model 
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¥ Hill(s) choose to have exact invariance with respect to leftand right symmetry trans-

formations separately. This is possible to do because of themassless pion. Once this

choice is made, interactions of! follow immediately.

¥ Hill(s) action for ! Z" seems consistent with what we had previously in case of ex-

act chiral symmetry (exact means no quark masses and chirally-invariant vacuum).

In such (super)chiral limit, there is a symmetry betweenwT and wL functions which

leads to a symmetry betweenL + R and L ! R currents and leads to the interaction

found by Hill(s). On the other hand, this symmetry is lifted once non-perturbative cor-

rections are considered; these non-perturbative corrections appear because of vacuum

condensates of the form"qL qR# and therefore breakL ! R symmetry.

¥ The only way to have everything reconciled is to argue that exact left-right symmetry

employed by Hills is not compatible with the absence ofL ! R symmetry of QCD

vacuum. If this is true then a different condition should be imposed on the variation

of the effective action; this will also explain why all the results would agree in the

super-chiral limit. Unfortunately, I am not sure how to do that explicitely.

VI. APPENDIX III

Here is what I think is happening, in our language. Consider aquark triangle with three

external currents or particles: axial current, photon, vector baryon current. Suppose the

photon is soft. We have an answer for this amplitude in terms of wL,T functions. For a

single fermion, the result will read

T f
µ! =

! 1
4#2

!
wf

L (q2)q! q
" ÷f" µ + wf

T (q2)
"

! q2 ÷fµ! + qµq" ÷f"! ! q! q
" ÷f" µ

#$
, (50)

where µ is the baryon current index, $ is the axial current index and the amplitude is

explicitly gauge invariant with respect to the photon.

To get HillÕs result, we modifyTµ! by adding a polynomial. We obtain

T H,f
µ! =

! 1
4#2

!
wf

L (q2)q! q
" ÷f" µ + wf

T (q2)
"

! q2 ÷fµ! + qµq
" ÷f"! ! q! q

" ÷f" µ

#
+ wf

T (q2)q2 ÷fµ!

$
. (51)
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What is different in case of baryon current considered by Richard ?

I. THE ANOMALOUS CORRELATOR

In this Section we review the properties of the correlator ofan axial current and two

vector currents. Consider

Tf
µγν = ! e

∫

d4xd4yeiqx−iky "0|T{j µ(x)j γ(y)j 5
ν (0)}|0#, (1)

where

j µ = Qf
øf ! µf, j 5

µ = øf ! µ! 5f (2)

are the vector and axial currents andQf is the electric charge of the fermionf . In what

follows we consider the Þrst generation of quarks and leptons.

We assume that momentumk is much smaller thanq and view the current j γ(y) as a

source of soft photons. Then, we can write

Tf
µν = Tf

µγνeγ(k),

T f
µν = i

∫

d4xeiqx "0|T{j µ(x)j 5
ν (0)}|! (k)#,

(3)

whereeγ(k) is the polarization vector of a photon with momentumk.

We are interested in the expansion of the tensorTf
µν in k. Such an expansion was con-

structed in [2, 4]. There it was shown that, through Þrst order in k, Tf
µν can be written

Tf
µν =

! ieNf Q2
f

4" 2

[

wf
L(q2)qνqσ ÷f σµ + wf

T (q2)
(

! q2 ÷f µν

+ qµqσ ÷f σν ! qνqσ ÷f σµ

)]

,

(4)

where ÷f µν = #µναβkαeβ and Nf = 3(1) for quarks and leptons, respectively The functions

wf
L,T parametrize Lorentz structures contributing toTf

µν , that are longitudinal (transversal)

with respect to momentumq.

In general,wf
L,T depend onq2 and the fermion massmf . In the one-loop approximation,

these functions were computed in [8, 10]. Here we present theresults for these functions in

the massless approximation

wf
L = 2wf

T =
2

Q2
, (5)

where we introduced the Euclidean momentumQ, Q2 = ! q2.

We now focus on the hadronic contributions toTf
µν . The two functions wL and wT have

quite a di! erent status in QCD. InperturbativeQCD the result for the two functions shown in

where perturbatively (notations a bit different from before) 

It is easy to check that

qµTH
µ! =

1

4! 2
qµ f̃ µ! ,

q! TH
µ! =

1

4! 2
q! f̃ µ! ,

(52)

which is consistent with Hill(s).

Among the three terms displayed separately in Eq.(51), only the second term, transverse

w.r.t. both µ and " receives non-perturbative corrections. The first term in Eq.(51) cor-

responds to a massless pion and the third term in Eq.(51) is the Hill’s contact interaction

between Z , # and $.
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ItÕs easy to check then

what is consistent with RichardÕs relations.

 Only the second term, transverse w.r.t. both indices receives non-perturbative 
corrections. The Þrst term corresponds to a massless pion and the third term is 
the contact interaction between Z , !  and "  discussed by Richard.

In our understanding this contact term while present in the baryon current 
could not be related to the !  exchange. 
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