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Masses and Boost-Invariant Wave Functions of Heavy Quarkonia from

the Light-Front Hamiltonian of QCD

Stanis law D. G lazek

Institute of Theoretical Physics, Warsaw University

Method: Weak-coupling expansion for QCD in the LF Fock space

Result (in a crudest approximation):

relativity + λ, αλ, mλ −→ cc̄ or bb̄ masses within few %

SDG, Jaros law M lynik - IFT/08/06 stglazek@fuw.edu.pl
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No use of notions such as: scattering states for quarks or gluons,

Feynman diagrams, path integral, euclidicity postulate,

lattice, or vacuum expectation values.

Instead:

Renormalization Group Procedure for Effective Particles in QFT

(RGPEP in LFQCD).

15 minutes?

stglazek@fuw.edu.pl



.

Fine Institute, May 12, 2006

Two icebreakers

P. A. M. Dirac (1977):

”Working with a front is a process that is unfamiliar to physicists.

But still I feel that the mathematical simplification that it introduces is

all-important. I consider the method to be promising and have recently

been making an extensive study of it. It offers new opportunities, while

the familiar instant form seems to be played out.”

K. G. Wilson (2004):

”...the time is ripe for a few accomplished theorists to switch into light-

front theory and help build a growing research effort in this area.”

stglazek@fuw.edu.pl
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L = ψ̄(i 6D −m)ψ − 1

4
F µνaF a

µν .

x± = x0 ± x3, t→ x+, z → x−, x⊥ .

A+ = 0 .

Hcan = Hψ2 + HA2 +HA3 +HA4 + HψAψ

+ HψAAψ +H[∂AA]2 +H[∂AA](ψψ) +H(ψψ)2 .

stglazek@fuw.edu.pl
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Hψ2 =
1

2
ψ̄γ+−∂⊥ 2 +m2

i∂+
ψ ,

HA2 = −1

2
A⊥(∂⊥)2A⊥ ,

HψAψ = g ψ̄ 6Aψ ,

H(ψψ)2 =
1

2
g2 ψ̄γ+taψ

1

(i∂+)2
ψ̄γ+taψ .

stglazek@fuw.edu.pl
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At x+ = 0:

ψ =
∑

σc

∫

[k]
[

χcukσbkσce
−ikx + χcvkσd

†
kσce

ikx
]

,

Aµ =
∑

σc

∫

[k]
[

tcεµkσakσce
−ikx + tcεµ∗kσa

†
kσce

ikx
]

.

stglazek@fuw.edu.pl
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Regularization (boost invariant, 7 Poincaré symmetries).

Counterterms.

H = [Hcan +HCT ]reg .

RGPEP:

qλ = Uλ qcan U
†
λ ,

Ô′
λ = [T , Ôλ] , T = U ′

λU
†
λ ,

Ô∞ = Ôcan(reg) + ÔCT → Ôλ .

stglazek@fuw.edu.pl
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RGPEP has roots in “similarity” RG procedure:

SDG and KGW (’93,’94,’98)

width λ in Hamiltonian matrices → form factors fλ in RGPEP
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H|P 〉 = M 2|P 〉 → Hλ|P 〉 = M 2|P 〉 .

|P 〉 = |QλQ̄λ〉 + |QλQ̄λgλ〉 + . . . .

[Hλ] =

























· · ·

· H3 Y

· Y † H2

























→















T3 + µ2 Y

Y † T2 + V2















.

HQQ̄λ = T2λ + V2λ + Y †
λ

1

T3 + µ2
Yλ .

Hλ|P 〉 = M 2|P 〉 → HQQ̄λ|P 〉 = M 2|P 〉 .

fλfλ
4m2

q2z

µ2

q2+µ2 −→ harmonic force in HQQ̄λ .

stglazek@fuw.edu.pl
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|M,P+, P⊥〉 =
∫

[ij] δ̃ P+ ūiΨijvj
−4m2

|ij〉 .

|ij〉 = b†λid
†
λj |0〉 ,

ūiΨijvj
−4m2

→ χ†
i φ(~kij)χj .

0 =
[

~p 2 − kp ∆p − x
]

φ(~p) − 2
∫ d3k

(2π)3
V φ(~k ) ,

kp =
9

128
√

2π







λ2

αm2







3

,

V = f
4π

(~p− ~k )2
(1 +BF ) ,

f = exp















−






M2(p) −M2(k)

λ2







2














,

M = 2m

√

√

√

√

√

√1 + x





2

3
α





2

.
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Example of J/ψ or Υ:

φ(~k ) =
[

a(~k ) +~b(~k )~σ
]

a(~k ) = 0 , bm(~k ) =





δmn
S(k)

k
+

1√
2



δmn − 3
kmkn

k2





D(k)

k





 sn .

0 =















p2 − kp∂
2
p − x , 0

0 , p2 − kp∂
2
p + kp

6
p2
− x





























S(p)

D(p)















− 2

π

∫ ∞
0
dk f pk















Wss, Wsd

Wds, Wdd

Wss = J0 +
α2

3

[

(p2 + k2) J0 − 16/9
]

,

Wsd =
α2

3

[

p2 (J2 − J0) + 4/3
]

√
2

3
, Wds =

α2

3

[

k2 (J2 − J0) + 4/3
]

√
2

3
,

Wdd = J2 + (J2 − J0)/2 +
α2

3

{

(p2 + k2) [J0 − (J2 − J0)/6] − 20/9
}

.

δ-functions with fλ. J0, J2 are known functions. stglazek@fuw.edu.pl
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FIG. 1: 7 bb̄ middle states: λ = 3779.8 MeV, αλ = 0.28839, m = 4835.9 MeV, (ω = 184.62 MeV).
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FIG. 2: 12 bb̄ states: λ = 3252.3 MeV, αλ = 0.50738, m = 4979.7 MeV, (ω = 147.11 MeV).
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FIG. 3: 3 middle cc̄ states: λ = 1990.0 MeV, αλ = 0.34335, m = 1553.3 MeV, (ω = 284.93 MeV).
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FIG. 4: 11 cc̄ states: λ = 1934.2 MeV, αλ = 0.41443, m = 1577.4 MeV, (ω = 278.72 MeV).
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Conclusion: Fine Institute, May 12, 2006

• There exists an approximate constituent picture for heavy quarkonia

in 1 flavor QCD: relativistic, simple, usable for fast mesons.

• Fits meson masses reasonably well for reasonable λ, αλ, and mλ.

• Provides very specific boost-invariant wave functions in the LF Fock

space. Decays? Production? Unequal masses? Exclusive processes?

• Explicit bound states with J=0, J=1, J=2, waves S, P , D, F .

• Systematically improvable within RGPEP (α ∼ 1/3).

Will it survive further scrutiny? stglazek@fuw.edu.pl
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1

2

m

2
ω2 r2 + V .

ω =

√

√

√

√

√

4

3

α

π
λ





λ

m





2 ( π

1152

)1/4
.

V = f





4π

p2
+ α2R



 (1 + α2S)(1 + α2M) .

stglazek@fuw.edu.pl



.

Fine Institute, May 12, 2006





































· · · ·

· H4 Y1 Y2

· Y †
1 H3 Y

· Y †
2 Y † H2





































−→

























T4 + µ2 Y1 Y2

Y †
1 H3 Y

Y †
2 Y † H2
























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